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Abstract
In this work, we analytically study the impact of spectrum allocation scheme in picocells on the
coverage probability (CP) of the Pico User (PU), when the macro base stations (MBSs) employ either
fractional frequency reuse (FFR) or soft frequency reuse (SFR). Assuming a fixed size for the picocell,
the CP expression is derived for a PU present in either a FFR or SFR based deployment, and when the
PU uses either the centre or the edge frequency resources. Based on these expressions, we propose two
possible frequency allocation schemes for the picocell when FFR is employed by the macrocell. The CP
and the average rate expressions for both these schemes are derived, and it is shown that these schemes
outperform the conventional scheme where no inter-cell interference coordination (ICIC) is assumed.
The impact of both schemes on the macro-user performance is also analysed. When SFR is used by the
MBS, it is shown that the CP is maximized when the PU uses the same frequency resources as used
by the centre region.
I. INTRODUCTION
Picocells are low-powered operator-deployed base stations, which are primarily used to im-
prove the coverage of hot spots and cell edge [1], [2]. They enhance the frequency reuse in the
system, and thereby increasing the available per-user bandwidth. However, picocell deployment
and planning can pose many challenges. The high cost of licensed spectrum may force the
operator to allocate the same frequency to the low-power picocell and the macrocell, leading to
significant co-channel interference in such heterogeneous networks. For homogeneous networks
(comprising of only macrocells), inter-cell interference coordination (ICIC) strategies such as
FFR and SFR have been proposed to mitigate the impact of co-channel interference. Recently,
both FFR and SFR schemes have been included in fourth generation wireless standards such as
WiMAX 802.16m and 3GPP-LTE release 8 [3]. Our focus here is on deciding what frequency
2resources should be allocated to the picocell when the macrocell employs ICIC schemes (FFR
and SFR).
Spectrum allocation in such tier networks has been extensively studied in literature. A fast
and effective power control algorithm and a suboptimal allocation algorithm are proposed in
[4] where PU and MU both share the same spectrum. A pico location optimization method is
presented in [5] for spectrum allocation strategies. A new cell selection method based on the
resource specific Signal-to-Interference-plus-noise-Ratio (SINR) value is discussed in [6] where
both PU and MU share the same spectrum. An ICIC scheme based on avoiding the primary
interfering source is described in [7]. All these contributions relate to the spectrum allocation to
the picocell, but do not consider an ICIC scheme (FFR or SFR) for the macrocell. A FFRopa
(FFR with frequency occupation ordering and power adaptation) scheme for the macrocell with
various frequency allocation schemes for the picocell is proposed in [8] where through simulation
it is shown that this method outperforms FFR. Spectrum allocation in the femtocell is studied
in [9]–[11]
Heterogeneous networks have been extensively studied in [12]–[16] and references therein
using analytically tractable models. Picocells are mostly deployed to improve the CP of hot
spots and/or cell edge. Hence, the network operator will be interested to know the improvement
in the performance for a given area which could be a hot spot or a cell edge location. Therefore,
the model and the analysis in [16] is well suited for the picocell analysis, and we assume the
same model.
The contribution of this work is to analytically derive the CP and rate of the PU for two
specific FFR schemes applicable for these Hetnets. In order to do that, we first distinguish
five different frequency resources usage scenarios in the picocell, namely: (a) Centre frequency
resources of FFR scheme employed in macrocell, (b) Edge frequency resources of FFR scheme,
(c) Neighbouring edge frequency resources of FFR scheme, (d) Centre frequency resources
of SFR scheme, and (e) Edge frequency resources of SFR scheme. These different frequency
resources are shown in Fig. 1. We propose two frequency allocation schemes for the picocell
when FFR is employed in the macrocell, where the PUs are segregated into categories, based
on Signal-to-Interference-Ratio (SIR) threshold Stp namely: cell-centre PUs and cell-edge PUs.
The proposed scheme 1 allocates centre frequency resources of FFR scheme to the cell-centre
PUs and neighbouring edge frequency resources of FFR scheme to the cell-edge PUs, while
3scheme 2 allocates edge frequency resources to the cell-centre PUs, and the neighbouring edge
frequency resources of FFR scheme to the cell-edge PUs. We show that the CP for both the
schemes is higher than the conventional scheme1. Also, depending on the SIR threshold Stm of
macrocell, either Scheme 1 or Scheme 2 may be preferred to deliver a higher average rate when
compared to the conventional scheme. Further, we analyse the impact of proposed schemes on
the CP of MU. We also show that in SFR deployment, the CP is maximized when the PU uses
the frequency resources of the centre.
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Fig. 1: Frequency resources allocation in macrocell in FFR and SFR
II. DOWNLINK SYSTEM MODEL
We consider a hybrid model similar to the one proposed in [16], where a picocell with a fixed
network area, i.e., a circle with radius R, is considered. The locations of MBSs and other pico
base-stations (PBSs) outside of the fixed network area are modelled according to a Poison Point
Process (PPP) [16]. Similar to [16], a guard region of radius Rg from the cell-edge is imposed
around the fixed cell so that no interfering base-stations (BSs) are assumed to be inside this guard
region. Since we are primarily interested in the performance of a typical PU, the following model
for spatial location of nodes is considered. A fixed picocell at the origin is assumed, and the
1 In the conventional scheme, no ICIC is assumed, and the macrocell and picocell use the same spectrum simultaneously, i.e.,
unity frequency reuse is used in both the regions.
4locations of the MBSs are modelled by a spatial PPP on B(o, R + Rg)c = R2 \ B(o, R + Rg)
of density λm, and is denoted by φ. The PBSs are modelled by another PPP of density λp on
B(o, R +Rg)
c and is denoted by ψ. We also assume that φ is independent of ψ.
A standard path loss model x−α with α ≥ 2 is used. Channel fading power between any
two nodes is assumed to be exponential, and is independent across nodes. The MBSs and PBSs
transmit at a fixed power of Pm and Pp, respectively. The network is assumed to be interference
limited, and hence noise power is taken to be zero. We assume that PUs will be associated with
a PBS, if they are within the network area of the desired PBS. All the users outside the PBS
network area are assumed to be MUs and they associate to the nearest MBS. Hence, the network
area of the macrocell consist of Voronoi regions. The SIR of the PU, which is at distance r from
the associated PBS may be written as:
ηp(r) =
Ppr
−αgp
Iφ + Iψ\P0
, Iφ =
∑
i∈φ
Pmdi
−αhi and Iψ\P0 =
∑
j∈(ψ\P0)
Pprj
−αgj (1)
where φ denotes the set of all MBS, and ψ \ P0 denotes the set of all PBS except the serving
PBS (P0). The distance from the jth interfering PBS and ith interfering MBS to the typical PU
are denoted by rj and di, respectively. The channel fading power from the jth interfering PBS
and the ith interfering MBS are denoted by gj and hi, respectively, and gp denotes the fading
gain from the typical PU to PBS. Note that gp, gi and hi are all independent and identically
exponentially distributed with unit mean, i.e, exp(1). Similarly, the SIR of the MU, which is at
distance r from the associated MBS may be written as:
ηm(r) =
Pmr
−αgm
Iφ\M0 + Iψ
, (2)
where gm denotes the fading gain from the typical MU to MBS, which is exponentially distributed
with unit mean. Here Iφ\M0 denotes the interfering power from all the MBSs except the nearest
MBS, and Iψ denotes the interfering power from all the PBSs.
Both FFR and SFR classify users into cell-centre MUs and cell-edge MUs, based on a SIR
threshold denoted by Stm. Users having SIR2 higher than Stm are classified as cell-centre MUs,
and otherwise they are denoted as cell-edge users. FFR uses frequency reuse 1
δ
for the cell-edge
2Here, the SIR in the context of an OFDM system would typically be the wideband SIR averaged over all sub carriers, in the
current frame. Overtime, as the channel and the pathloss parameters change, it is possible that a cell-edge user gets reclassified
as a cell-centre user, or vice-versa.
5MUs to boost up the SIR while providing unity frequency reuse to the cell-centre MUs. In other
words, FFR need a total of δ + 1 sub-bands. One sub-band is used for the cell-centre users
and one among {1, · · · , δ} is chosen with equal probability which is used for the cell-edge
users. However, SFR employs a reuse factor of 1
δ
on the cell-edge, and utilizes the neighbouring
frequency resources at the cell-centre as shown in Fig. 1. SFR also uses β > 1 times higher
transmit power for cell-edge MUs when compared to cell-centre MUs to enhance the performance
of cell edge users.
III. COVERAGE PROBABILITY
We consider a fixed picocell at the origin and compute the probability that a user within its
cell is in coverage, i.e., the SIR of the user is greater than T . In other words, CP for the PU is
defined as Pc = P[SIR > T ]. To find out the CP for the PU, we need to know the probability
density function (pdf) of r, where r is the distance between typical PU to the tagged PBS.
Assuming that the user distribution is uniform, the probability that a PU will be at distance r,
given a radius R of the picocell is given by 2r
R2
. Therefore, the pdf of r is,
fR(r) =


2r
R2
, r 6 R
0, r > R.
(3)
The distance between the considered PU (which is a distance r from the PBS) and the interfering
rPBS PU R
+
R
g −
r
R
Rg
Lower bound
Fixed cell
(0, 0)
Fig. 2: Network coverage area of the PBS that is considered for the lower bound. The circle
centred around the PBS with radius R is the original network area.
6base stations can vary from R+Rg− r to R+Rg+ r. Deriving the exact expression is difficult
since the user is not exactly centred at the origin [16]. Therefore, similar to [16], we consider
a picocell region of radius R + Rg − r, i.e., a ball of radius R + Rg − r around a PU, that
gives an upper bound on the interference power as shown in Fig. 2. The suitable length for the
guard region is discussed in [16] where it is shown that guard region radius corresponding to the
picocell should be R(p)g = R and that corresponding to the macrocell be R(m)g = (PmPp )
1
αR. It has
been assumed in [16] that interference has two components: one interferer at the boundary of
the guard region, and another interferers outside the guard region. We assume a sparse density
for the picocell, and also the coverage radius of the picocell is considered to be small3. In other
words, we assume that λm < λp ≪ 1pi(R)2 . Intuitively, in such condition, there is very little chance
that a dominant interferer to be located at the boundary of the guard region. Hence, we do not
consider any interferer at the boundary of the guard edge region. We also observed that without
considering an interferer at the boundary of the guard region, the analytical result matches better
with the simulation results.
We now derive the CP of a typical PU when the macrocell employs FFR for the above
deployment model.
Lemma 1. The CP of a typical PU, using the centre frequency resources band F0 of the FFR
in an interference limited scenario is given by
Pf,c(T ) =
∫ R
r>0
exp(−pir2T 2/αK(r))
2r
R2
dr, (4)
where
K(r) =
(
Pm
Pp
)2/α
C(Lm(r), α)λm + C(Lp(r), α)λp. (5)
C(Lp(r), α) =
2F1(1,
α−2
α
, 2− 2
α
,−{Lp(r)}
α)
α− 2
{Lp(r)}
2−α and Lp(r) =
R +R
(p)
g − r
r
(T )−
1
α .
Proof: The proof is provided in the Appendix.
Here, the first term in K(r) is due the macrocell and second term is due to the interfering
picocell. The expression derived in Lemma 1 is equivalent to the CP of PU in a conventional
3In heterogeneous network, considered for 3GPP-LTE, picocell can use a range extension factor (bias in cell association SIR)
which can greatly increase the coverage radius of the PBS. In our work we do not assume any such range expansion scheme
at the PBS.
7scheme in which reuse one PBS and reuse one MBS both use the same frequency resource. Now,
we consider the case when edge frequency resources of macrocell are used by PU. The CP of a
typical PU, using the edge frequency resources band F1 of the FFR follows from Lemma 1 with
a slight modification in the interference due to macrocell. Since FFR uses frequency reuse 1
δ
for
the cell edge users (i.e., it reuses a frequency sub-band from 1, · · · , δ with equal probability),
the MBS interferers density will be “thinned version” of the original MBS interferers density
seen by the PU [17]. In other words, the MBSs interferer density will be λm
δ
instead of λm.
Hence, the CP of a typical PU, using the edge frequency resources band F1 of the FFR in an
interference limited scenario is given by
Pf,e(T ) =
∫ R
r>0
exp(−pir2T 2/αKˆ(r))
2r
R2
dr, (6)
where
Kˆ(r) =
(
Pm
Pp
)2/α
C(Lm(r), α)
λm
δ
+ C(Lf(r), α)λp. (7)
Now we will derive the CP of PU when MBS uses FFR and PUs use the edge frequency
resources of neighbouring cells. Here we assume that picocell connects to the nearest MBS via
the back-haul. The distance between PU to the nearest macrocell is q. Using null probability,
the pdf of q can be written as [17]
fq(Q) = 2piλqe
−λpi(q2−(R
(m)
g +R−r)
2), where q ≥ R(m)g +R − r (8)
Lemma 2. The CP of a typical PU, using the edge frequency resources band F2 and F3 of the
FFR (edge frequency resources band of the neighbouring macrocell) in an interference limited
scenario is given by
Pf,eˆ(T ) =
∫ R
r>0
exp{−pir2(T )2/αC(Lp(r), α)λp}Eq
[
exp{−pir2
(
TPm
Pp
)2/α
C(Lm(r, q), α)
λm
δ
}
]
2r
R2
dr
(9)
Proof: The proof is similar to that outlined for Lemma 1, except for the fact that there will
be no interference from the nearest MBSs, and the density of MBSs interference will be thinned
by δ. The Laplace transform of interference due to MBS when PU uses the neighbouring edge
8frequency resources (LIˆφ\M0 (s)) needs to be derived, and is given by
LIˆφ\M0
(s) = Eφ,hi [exp(−s
∑
i∈φ/M0
hid
−α
i )]
=
[
exp
(
−2pi
λm
δ
∫ ∞
q
sx−α
1 + sx−α
xdx
)]
. (10)
The lower limit of the integration in (10) is q due to the fact that all the interfering MBSs are
at least a distance greater than q. Using a change of variable t = s− 1αx, LIˆφ\M0 (s) can now be
simplified as
LIˆφ\M0
(s) =
[
exp
(
−2pi
λm
δ
s
2
α
∫ ∞
Lm(q,r)
t
1 + tα
dt
)]
where Lm(q, r) = qr
(
T Pm
Pp
)− 1
α
. Again, LIˆφ\M0(s) can be further simplified as (see Appendix),
LIˆφ\M0
(s) = exp{−pis2/αC(Lc(q, r), α)
λm
δ
} (11)
where C(Lc(q, r), α) = 2
F1(1,
α−2
α
,2− 2
α
,−Lc(q,r)α)
α−2
Lc(q, r)
2−α
.
We now start with a discussion on the impact of FFR scheme on the CP of the PU where
we consider Pm = 46dBm, Pp = 30dBm, λm = 0.385/Km2, λp = 1.155/Km2 δ = 3, α = 4,
and R = 200 meters. Fig. 3 shows the CP of PU when MBS uses FFR deployment. When the
centre frequency resources of FFR are used in the picocell (this is the conventional scheme)
then it gives the lowest CP due to the fact that PU experiences interference from all the MBSs.
Using the edge frequency resources give a higher coverage than the centre frequency resource
because of frequency reuse 1
δ
. However, using the neighbouring edge frequency resource gives
the maximum CP although it uses frequency reuse 1
δ
due to the fact that there is no interference
coming from the geographically nearest MBS. We would now like to analyse the impact of
various FR allocation schemes in the picocell. In the next section, we propose two scheme for
FR allocation and show their impact on the CP of PU and MU.
IV. PROPOSED FREQUENCY ALLOCATION SCHEMES FOR PU
We divide the PUs into two parts: cell-centre PUs and cell-edge PUs based on the SIR threshold
(Stp). The user seeing a SIR > Stp is considered as cell-centre PU; else, the user is as a cell-edge
PUs.
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Fig. 3: CP of pico user for FFR deployment in macrocell.
A. Proposed Scheme 1 for FFR
In the proposed scheme 1 (PS1), considering the reference cell of FFR deployment in Fig.1
we allocate frequency F0 to the cell-centre PUs and frequency F2 and F3 to the cell-edge PUs. In
other words, the centre frequency of macrocell will be used by cell-centre PUs, and neighbouring
macro cell-edge frequencies would be used by cell-edge PUs. Now, we derive the CP of PUs
when PS1 is used in the picocell. The CP of a typical PU, when PU uses PS1 is given by
Pps1 =
R∫
0
(
P [ηp(r) > T |ηp(r) > Stp]P [ηp(r) > Stp] + P [η
e
p(r) > T |ηp(r) < Stp]P [ηp(r) < Stp]
)
2r
R2
dr
(12)
where ηep(r) denotes the SIR experienced by PU when PU uses neighbouring cell-edge frequen-
cies. Here, the first term denotes the CP due to cell-centre PUs, and the second term denotes
the CP due to cell-edge PUs. Note that
P [ηp(r) > T |ηp(r) > St]P [ηp(r) > St]
(g)
= P [ηp(r) > max{Stp, T}] (13)
Here (g) follows from the Bayes’ rule. Since fading power is assumed to be independent across
the sub-bands, one obtains,
P [ηep(r) > T |ηp(r) < Stp] = P [η
e
p(r) > T ] (14)
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Using (13) and (14), PPs1 can be simplified as
Pps1 =
R∫
0
(P [ηp(r) > max{Stp, T}] + P [η
e
p(r) > T ]P [ηp(r) < Stp])
2r
R2
dr (15)
P [ηp(r) > T ] has been derived in Lemma 1, and is given by
P [ηp(r) > T ] = exp(−pir
2T 2/αK(r)) (16)
where K(r) is defined in (5). Also, P [ηep(r) > T ] is derived in Lemma 2 and is given by
P [ηep(r) > T ] = exp{−pir
2(T )2/αC(Lp(r), α)λp}Eq
[
exp{−pir2
(
TPm
Pp
)2/α
C(Lm(r, q), α)
λm
δ
}
]
(17)
Using (15), (16) and (17), Pps1 can be evaluated.
B. Proposed Scheme 2 for FFR
In the second scheme (PS2), again with reference to the FFR as depicted in Fig. 1, we allocate
frequency F1 to the cell-centre PUs and frequency F2 and F3 to the cell-edge PUs. Thus, the
edge frequency of macrocell will be used by cell-centre PUs and the neighbouring cell-edge
frequencies would be used by cell-edge PUs. The CP of PS2 is directly follows from the CP of
PS1 derived in the previous section except for the fact that instead of K(r) in (16), Kˆ(r) (given
in (7)) will be used since the edge frequency of FFR is used by the cell-centre PU.
Now, our focus will be on the CP of cell-edge MUs when PS2 is used in picocell. First we
derive the CP of cell-edge MUs when macrocell uses FFR and there is no picocell. Although it
is already been derived in [18, Theorem 2], it will be seen that our derived expression is simpler
to evaluate, and matches with the simulation result. The CP of cell-edge MUs at a distance r
from the BS is given by
Ped(r) = P [ηˆ(r) > T |η(r) < Stm]. (18)
Here η(r) denote the SIR experienced by MU when it uses centre frequency, and ηˆ(r) denotes
the SIR experienced by MU when it uses cell-edge frequency and the picocell is absent. Since
fading power is assumed to be independent across the sub-bands,
P [ηˆ(r) > T |η(r) < Stm] = P [ηˆ(r) > T ] (19)
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The CP of a typical cell-edge MU is then given by
Ped =
∞∫
0
P [ηˆ(r) > T |η(r) < Stm]P [η(r) < Stm]fR(r)dr
∞∫
0
P [η(r) < Stm]fR(r)dr
(20)
where fR(r) is the pdf of r (which is the distance between user and the nearest MBS), and is
given by [17]
fr(R) = 2piλre
−λpir2, r > 0 (21)
Using (19), Ped in (20) can be simplified as
Ped =
∞∫
0
P [ηˆ(r) > T ]P [η(r) < Stm]fR(r)dr
∞∫
0
P [η(r) < Stm]fR(r)dr
(22)
In [17], it has been shown that
P [η(r) > T ] = e−piλr
2ρ(T,1) and P [ηˆ(r) > T ] = e−piλr2ρ(T,δ) (23)
where
ρ(T, δ) = T
2
α
δ
∞∫
T−2/α
1
1+uα/2
du = 2T
δ(α−2) 2
F1(1,
α−2
α
, 2− 2
α
,−T )
Thus, Ped can be further simplified to
Ped =
2piλm
∞∫
0
re−piλmr
2
e−piλmr
2ρ(T,δ)(1− e−piλmr
2ρ(Stm,1))dr
2piλm
∞∫
0
re−piλmr2(1− e−piλmr2ρ(Stm,1))dr
(24)
Solving the integrals, Ped can be rewritten as
Ped =
1
1+ρ(T,δ)
− 1
1+ρ(T,δ)+ρ(Stm,1)
1− 1
1+ρ(Stm,1)
=
1 + ρ(Stm, 1)
(1 + ρ(T, δ))(1 + ρ(T, δ) + ρ(Stm, 1))
(25)
Now, we derive the CP of cell-edge MUs when PS2 is used in the picocell, and the macrocell
employs FFR. The CP of cell-edge MUs at a distance r from the BS is given by
Ped,ps2(r) = P [ηˆm(r) > T |ηm(r) < Stm] (26)
and ηˆm(r) denotes the SIR experienced by MU when it uses FRδ, and the picocell uses the PS2.
Since fading power is assumed to be independent, we have
P [ηˆm(r) > T |ηm(r) < Stm] = P [ηˆm(r) > T ] (27)
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The CP of a typical cell-edge MU is then given by
Ped,ps2 =
∞∫
0
P [ηˆm(r) > T ]P [ηm(r) < Stm]fR(r)dr
∞∫
0
P [ηm(r) < Stm]fR(r)dr
(28)
Note that
P [ηˆm(r) > T ] = P
[
gmr
−α
Iˆφ\M0 +
Pp
Pm
Iψ
> T
∣∣∣∣r
]
,
= P
[
gm > Tr
α
(
Iˆφ\M0 +
Pp
Pm
Iψ
)]
= LIˆφ\M0
(Trα)LIψ
(
Pp
Pm
Trα
)
, (29)
We know from (23) that LIˆφ\M0(s) = P [ηˆ(r) > T ] = e
−piλmr2ρ(T,δ)
, and
LIψ(s) = Eψ,gj
[
exp
(
−s
∑
j∈ψ
gjr
−α
j
)]
(h)
= exp
(
−2piλp
∫ ∞
R
sx−α
1 + sx−α
xdx
)
(30)
= exp
(
−2piλps
2
α
∫ ∞
Lm(r)
t
1 + tα
dt
)
= exp{−pis2/αC(Lm(r), α)λp} (31)
where Lm(r) = Rr (T )
− 1
α . The lower limit of the integral in (h) is R because of the fact that all
the interfering PBS are at least a distance greater than R. Thus, the CP of a typical cell-edge
MU is given by
Ped,ps2 =
2piλm
∞∫
0
e−piλmr
2
e−piλmr
2ρ(T,δ) exp{−pi(PpT
Pm
)
2
α r2C(Lm(r), α)λp}(1− e
−piλmr2ρ(Stm,1))dr
1− 1
1+ρ(Stm,1) (32)
We now derive the CP of cell-centre MU. The CP of cell-centre MU without picocell is given
in [18, Theorem 3]. The CP of cell-centre MU when PS1 is used in the picocell is given by
Pcen,ps1 =
∞∫
0
P [ηm(r) > max{Stm, T}]fR(r)
∞∫
0
P [ηm(r) > T ]fR(r)
(33)
Note that
P [ηm(r) > T ] = P
[
gmr
−α
Iφ\M0 +
Pp
Pm
Iψ
> T
]
= LIφ\M0 (Tr
α)LIψ(
Pp
Pm
Trα),
13
We know from (31), LIψ( PpPmTrα) = exp{−pi(
PpT
Pm
)
2
α r2C(Lp(r), α)λp} and LIφ\M0(Tr
α) =
P [η(r) > T ] = e−piλmr
2ρ(T,1) from (23), and hence CP of cell-centre MU can be derived. The
CP of cell-centre MU does not change when PS2 is used in the picocell, since PS2 does not use
centre frequency resources.
C. Average Rate
In this subsection, we derive average rate for both the schemes. The average rate R can be
written as
R = E[ln(1 + SIR)] =
∫
t>0
P [ln(1 + SIR) > t]dt.
Using the fact that ln(1 + SIR) is a monotonic increasing function for SIR, one obtains,
R =
∫
t>0
P [SIR > et − 1]dt. (34)
This is equivalent to computing CP for T = et− 1 and integrating it over t. The CP for the PS1
is given in (15), and thus the average rate of PU in PS1 is given by
Rps1 =
∫
t>0

 R∫
0
(P [ηp(r) > max{Stp, e
t − 1}] + P [ηˆp(r) > e
t − 1]P [ηp(r) < Stp])
2r
R2
dr

 dt
(35)
where P [ηp(r) > T ] and P [ηˆp(r) > T ] are given in (16) and (17), respectively. Similarly, the
average rate of PU in PS2 can be derived. In order to choose Stp, we define the sub-bands
allocation to the MU and PU. Here, based on the SIR threshold sub-bands allocation can be
done [22] [18]. In other words,
Nc = P [ηm > Stm]Nt and Ne =
Nt −Nc
3
(36)
where Nt = F0 + F1 + F2 + F3, Nc = F0, and Ne = F1 = F2 = F3, denote the total sub-bands,
centre sub-bands, and the edge sub-bands, respectively. Since PS1 allocates the centre frequency
band of the macrocell to the cell-centre PUs, Stp for the PS1 can be chosen such that
Pf,c(Stp) =
Nc
Nt
(37)
Here, Pf,c(Stp) is derived in Lemma 1, Similarly, the Stp for the PS2 can be chosen such that
Pf,e(Stp) =
Ne
Nt
, (38)
14
where Pf,e(Stp) is given by (6). To compare the average rate for both the schemes, we define
a normalized average rate which is average rate times the fraction of the total sub-bands used
in that particular scheme. In other words, the normalized average rate of PS1 is Rps1(F0+F2+F3)
Nt
,
and similarly the normalized average rate of PS2 is Rps2(F1+F2+F3)
Nt
.
D. Analysis and Comparison of PS1 and PS2 for FFR
In this subsection, we analyse the performance of PS1 and PS2 and compare both these
schemes. Fig. 4 shows the CP of PU when picocell uses either PS1 or PS2, and it also plots the CP
of the conventional scheme. Here again we take Pm = 46dBm, Pp = 30dBm, λm = 0.385/Km2,
λp = 1.155/Km
2 δ = 3, and R = 200 meters It can be seen that PS2 provides better CP than
PS1, and both have a significantly better performance when compared to the conventional scheme.
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Fig. 4: CP of pico user for the proposed schemes. Here Stp = 3dB and α = 4.
We will now study the impact of the proposed schemes on the CP of the MUs. Fig. 8 shows
the CP of cell-edge MUs for three cases: (i) when there is no picocell, (ii) when picocell uses
PS1, and (iii) when picocell use PS2. Here, the CP of cell-edge MU when picocell uses PS1 is
plotted using simulation. It can be observed that the CP of cell-edge MU is lowest when PS2 is
used in the picocell. The CP of cell-edge MU when there is no picocell is highest followed by
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Fig. 5: CP of cell-edge MUs where picocell are using different proposed schemes. Here
Stm = 0dB and α = 3.2.
when PS1 is used in the picocell. Fig. 6 show the impact of proposed schemes on the centre CP.
The CP of cell-centre degrades when picocell uses PS1. However, there is no impact of PS2 on
the CP of the cell-centre MU, since PS2 does not use cell-centre resources at the picocells. Fig. 7
plots the normalized average rate with respect to SIR threshold of macrocell. It can be seen that
as Stm increases, centre frequency of macrocell (Nc) decreases, i.e., the sub-bands of picocell for
PS1 decreases and the sub-bands of picocell for PS2 increases. Hence, the normalized average
rate of PS1 decreases and the normalized average rate of PS2 increases.
Based on the above results, we see that in FFR deployments, both PS1 and PS2 have an
advantage over the conventional scheme, but neither of them is uniformly better than the other.
Then, the question arises which of these two schemes should the operator use in the picocell?
We provide following guidelines that could help this choice:
1) Depending on the SIR threshold chosen for the macrocell, PS1 or PS2 can be selected.
2) The proposed schemes allocation could also depend on the MUs around the picocell. If
cell-edge MUs around one particular picocell are higher then that picocell should use the
PS2 rather PS1 and vice versa.
3) It could also depend on the location of picocell with respect to nearest macrocell. It is
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Fig. 6: CP of cell-centre MUs where picocell uses different proposed schemes. Here
Stm = 0dB and α = 3.2.
seen by simulation that as picocell location moves towards the edge of nearest macrocell,
the gap between the CP of PU corresponding to PS1 and PS2 increases. In other words,
the CP of PU corresponding to PS2 is much higher than the CP of PU corresponding to
PS1 when picocell location is at the edge of macrocell. Hence, depending on the location
of picocell, proposed scheme selection can be made.
V. FREQUENCY ALLOCATION FOR PU WHEN MBS EMPLOY SFR
In this section, we first derive the CP for PU when MBS employ SFR. In order to calculate
the CP of PU when MBS uses SFR, we divide the interference due to MBSs into two parts:
interference due to the nearest MBS, and the interference due to all the remaining MBSs. The
effective interference power due to all remaining MBSs is denoted by ηPm, where as in [18],
η = δ−1+β
δ
.
Lemma 3. The CP of a typical PU, using the centre frequency resources band F2 or F3 of the
17
0 2 4 6 81.5
2
2.5
3
3.5
4
4.5
SIR Threshold Stm(dB)
N
or
m
al
iz
ed
 A
ve
ra
ge
 R
at
e 
(na
ts/
Hz
)
 
 
PS1
Conventional Scheme
PS2
Fig. 7: Normalized average rate of PU. Here α = 4.
SFR for an interference limited scenario is given by
Ps,c(T ) =
∫ R
r>0
2r
R2
exp{−pir2(T )2/αC(Lp(r), α)λp} Eq
[
Pp
Pp+TrαPmq−α
e
{−pir2
(
ηTPm
Pp
)2/α
C(Lc(r),α)λm}
]
dr
(39)
Proof: CP of PU can be written as,
Ps,c =
∫ R
r>0
P[ηp(r) > T |r]fr(r)dr,
=
∫ R
r>0
2r
R2
P
[
gpr
−α
η Pm
Pp
Iφ\M0 + Iψ\P0 +
Pm
Pp
q−αh0
> T |r
]
dr,
=
∫ R
r>0
2r
R2
LIφ\M0 (Tr
αη
Pm
Pp
)LIψ\P0 (Tr
α) exp{−Trα
Pm
Pp
q−αh0}dr. (40)
Here the first term LIφ\M0 (Tr
αη Pm
Pp
) is due to interference from all the MBS except the nearest
MBS, and the second term LIψ\P0 (Tr
α) is due to interference from all the picocell except the
serving picocell, and third term exp{−Trα Pm
Pp
q−αh0} is due to interference from the nearest
MBS. Where, h0 is the fading power gain from the nearest MBS and h0 ∼ exp(1) hence one
obtains,
Eh0 [exp{−Tr
αPm
Pp
q−αh0}] =
Pp
Pp + TrαPmq−α
(41)
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LIφ\M0 (s) is given in (11) and LIψ\P0(Trα) has been derived in the Appendix (please see Eq.
(44)). Hence using (11) and (44), Eq. (40) can be simplified to obtain (39).
Now, the case when PU uses the edge frequency resources band F1 of the SFR will be analysed.
The CP of PU in this case directly follows from an application of Lemma 3 except for the fact that
the edge frequency uses β times higher power than the centre frequency. Therefore, interference
due to the nearest MBS will be (1 + βTrαPm
Pp
q−α)−1 instead of (1 + Trα Pm
Pp
q−α)−1. Hence, the
CP of a typical PU, using the edge frequency resources band F1 of the SFR for an interference
limited scenario is given by an expression identical to (39), but with (1 + Trα Pm
Pp
q−α)−1 within
the expectation replaced by (1 + βTrαPm
Pp
q−α)−1.
The impact of SFR on the CP of PU is plotted in Fig. 4. Here again we take δ = 3, α = 3.2,
and R = 200 meters. This result shows that the edge frequency resources give the lowest CP
among all the frequency resources in the SFR scheme. Centre frequency resources provide a
higher coverage than the edge frequency resources because of the fact that they use β times less
power for the nearest MBS. Now, as we increase β, the power on the centre frequency resources
decreases with respect to edge frequency resources, and this results in a higher coverage. Hence,
centre frequency resources in SFR should only be used by the picocell.
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Fig. 8: CP of pico user for SFR deployment in macrocell.
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VI. CONCLUSIONS
This work considered FFR and SFR deployments for the macrocell, and provided the CP and
rate of a PU by assuming a fixed size picocell. We proposed two schemes for the picocell when
the macrocell employs FFR. The CP and rate of proposed schemes were derived, and it was shown
that the proposed schemes outperforms the conventional scheme. The impact of the proposed
schemes on the CP of MU was also discussed. Finally, the spectrum allocation in picocell was
briefly discussed when the macrocell employed SFR. Future work could consider the effect of
range expansion (or picocell strength bias) [19], on the performance of the proposed schemes.
Further extension of this work could include the effect of correlation among the interferers [20].
Another important extension of this work is to analyse the performance of the proposed schemes
in an uplink cellular network [21].
APPENDIX
PROOF OF LEMMA 1
Given that the typical PU is at distance r from the PBS, the CP averaged over the picocell
area is given by
Pf,c(T ) = Er[P[SIR > T |r]] =
∫ R
r>0
P[ηp(r) > T |r]fr(r)dr,
=
∫ R
r>0
2r
R2
P
[
gpr
−α
Pm
Pp
Iφ + Iψ\P0
> T |r
]
dr,
=
∫ R
r>0
2r
R2
P[gm > Tr
α(
Pm
Pp
Iφ + Iψ\P0)|r]dr,
(a)
=
∫ R
r>0
2r
R2
LIφ(Tr
αPm
Pp
)LIψ\P0 (Tr
α)dr, (42)
where Iφ =
∑
i∈φ
di
−αhi, Iψ\P0 =
∑
j∈(ψ\P0)
rj
−αgj . Here (a) follows from the fact that gm ∼ exp(1).
LIφ(s) and LIψ\P0 (s) are the Laplace transforms of the random variables Iφ and Iψ, respectively,
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evaluated at s. Thus,
LIψ\P0 (s) = Eψ\P0,gj [exp(−s
∑
j∈ψ\P0
gjr
−α
j )]
(b)
= exp
(
−2piλp
∫ ∞
R+R
(p)
g −r
sx−α
1 + sx−α
xdx
)
(43)
(c)
= exp
(
−2piλps
2
α
∫ ∞
Lp(r)
t
1 + tα
dt
)
(d)
= exp{−pis2/αC(Lp(r), α)λp} (44)
Lp(r) =
R +R
(p)
g − r
r
(T )−
1
α , and C(Lp(r), α) =
2F1(1,
α−2
α
, 2− 2
α
,−{Lp(r)}
α)
α− 2
{Lp(r)}
2−α.
(45)
Here, (b) follows from the fact that gj ∼ exp(1) and probability generating functional (PGFL)
[23] of the PPP and 2F1(a, b, c, z) represents the Gauss hypergeometric function. The lower limit
of the integral in (b) is R+R(p)g − r because of the fact that all the interfering base stations are
at least a distance greater than R + R(p)g − r. Using a change of variable t = s−
1
αx, (c) can be
followed and (d) follows after some algebraic manipulation. In a similar fashion,
LIφ(s) = exp{−pis
2/αC(Lm(r), α)λm}. (46)
where Lm(r) = R+R
(m)
g −r
r
(
T Pm
Pp
)− 1
α
. Using (44) and (46) and simplifying (42), one obtains
Pf,c(T ) =
∫ R
r>0
exp(−pir2T 2/αK(r))
2r
R2
dr,
where K(r) =
(
Pm
Pp
)2/α
C(Lm(r), α)λm + C(Lp(r), α)λp.
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